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1. INTRODUCTION 
The investigation of the a~thmetic structure of finite groups begins with 
Sylow’s Theorem. A generalization of Sylow subgroups involving more 
than one prime was introduced in 1928 by Philip Hall. Let 7~ be a set of 
primes; a Hull n-subgroup of a finite group G is a subgroup H whose order 
is divisible only by primes in rr and whose index [G : H] is not divisible by 
any primes in 71. More generally, a x-subgroup is any subgroup such that 
the primes dividing its order are all in rr. To study these subgroups, we will 
use Hall’s original notation [S]: A group is said to satisfy E, if there exists 
a Hall n-subgroup; it satisfies C, if it satisfies Ez and any two Hall sub- 
groups are conjugate; it satisfies D, if it satisfies C, and in addition any 
n-subgroup is contained in some Hall x-subgroup. Also, we use abbrevia- 
tions such as EP for E, if rr= (p> and C,,, for C, if A= {p, rf. 
In this notation, Sylow’s Theorem asserts that any group satisfies D, for 
any prime p and Hall’s Theorem says that any solvable group satisfies D, 
for any rc. But a non-solvable group can fail to satisfy E,, or may satisfy 
E, but not C,, or even C, but not D,. It had been conjectured by Hall [S] 
that if 24 ?T, then E, implies D,. However, only half of this statement is 
actually true; if rc is a set of odd primes, then E, implies C, but not D, [3 3. 
Counterexamples to this conjecture will be given here; some of them were 
independently found by Fletcher Gross [4]. 
Now let JJ be a prime number. For a group G, let /GI denote its order 
and IGl, be the highest power of p dividing /GI, i.e., the order of its Sylow 
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p-subgroup. If n is an integer, similarly define InIp to be the highest power 
of p dividing n. We will also write ~‘11 n if InIp = p”. 
Define the general linear group to be the group of all n x n matrices over 
a field of q elements, denoted GL(n, q), with q a power of the field charac- 
teristic p. If we wish to emphasize the vector space on which GL(n, q) acts, 
we may also write GL(U), where U is a vector space of dimension n. Also 
let F, be the field of q elements and let Fqx be its multipli~tive group of 
non-zero elements. The following (non-standard) notation will be used 
throughout this paper. 
Notation 1.1. Let p be a prime and let q be a power of p. Let r and s 
be two odd primes, different from p, with Y < s. Define a and b to be the 
least positive integers so that r I q” - 1 and s I q” - 1. Note that a I r - 1 and 
b 1 s - 1 by Fermat’s Theorem. The order of the Sylow r-subgroup and its 
construction were determined by Weir [S]. 
LEMMA 1.2 (Weir). The order of the Sylow I- and s-~ubgr~~p~ ojf 
GL(n, q) is given by 
IGL(n,q)l,= i(q-l)(q2- l)..-(q”- l)l,= lq”- l/1”‘“’ /[n/a]!lP; 
IWn, q)ls= I&‘- llS”‘b’ IC4bl!l,. 
Necessary and sufficient conditions for E;,, in GL(n, q), given numeri- 
cally in terms of a, b, r, s, and n, were found by E. L. Spitznagel in [6]. 
Section 2 of this paper will determine when E, holds in GL(n, q) if 2, p # n. 
This will give counterexamples to Hall’s conjecture. 
Let H be a subgroup of GL(n, q) acting on an ~-dimensional vector 
space V. Then H acts i~red~c~b~y if it leaves no proper non-trivial subspace 
invariant. If H is irreducible and Y= IV, @ W2 @ ... @ W,, where k > 1 
and with the action of H preserving this decomposition (but permuting the 
Wi’s), then H is said to be imprimitive. The direct sum decomposition is a 
system of imprimitivity. If H is irreducible but not imprimitive then W is 
said to be primitive. The proofs below divide into three cases according as 
H is reducible, irreducible but imprimitive, or primitive. For the primitive 
case, we need a result of Suprunenko [7]. To facilitate the discussion, we 
introduce the following concepts. 
DEFINITION 1.3. A subgroup G of GL(pt, q) is said to be of type Y if 
there exist a divisor d of n and a normal series 
FdAaVaG 
with the following properties: 
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(1) F is isomorphic to the multiplicative group F,2 of Fqd and F 4 G; 
(2) V= Co(F) is isomorphic to a subgroup of GL(n/d, qd); 
(3) A is such that A/F is the maximal normal abelian subgroup of 
V/F and is elementary abelian of order (n/d)2; 
(4) If 
n _ = fA fh . . . t$ 
d 1 2 
is the canonical primary decomposition of n/d, then V/A is isomorphic to 
a subgroup of 
w?~l~ t1)x . . . x f3Pc?j,, t/J, 
and 
(5) G/V is isomorphic to a subgroup of Gal( F&/F,). 
We will call d the field degree of the group G of type Y. 
In this notation, Suprunenko’s Theorem states 
THEOREM 1.4 (Suprunenko). Any primitive solvable subgroup X of 
GL(n, q) is contained in a group of type 9’. 
We will want to apply the series F Q A CI V 4 G to possibly imprimitive 
groups. Therefore, we will make the following definition. 
DEFINITION 1.5. An {r, s)-group L is of type 9 if it is contained in a 
group of type 9’ with field degree d such that 
(1) n = d, n/d is divisible by r, or n/d is divisible by s and 
(2) One of a or b divides d. 
By Lemma 11 in [7], we also have 
THEOREM 1.6. Any primitive {r, s}-subgroup of GL(n, q) is of type 9. 
Suppose that G is of type Y. To prove that D, holds, we will need to 
show that the indices [A: F], [V: A], and [G: V] in the series 
Fd A u Va G are all prime to s. This is handled by the following lemma. 
LEMMA 1.7. Let s be a prime and let G be a subgroup of GL(n, q) of 
type 9’ with field degree d. If n/d < s, then one of the following holds: 
( 1) The index [ V: F] is prime to s. If also d is prime to s, then [G : F] 
is prime to s; or 
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(2) n/d= 2’ and s = 2j-t 1 for some j. In this case, s divides [V: F] 
only to the first power. If we also have d < s, then [G: F] is divisible by s 
only to the first power. 
In particulars ifs > n + 1, then [G: F] is prime to s. 
ProoJ By Definition 1.3, [A : F] = (n/d)’ and n/d < s by hypothesis. 
This shows that [A: F] is prime to s. Now consider the index [G: V]. 
Since the factor group G/V embeds in a Galois group of order d, [G : V] 
is prime to s if d is prime to s. 
Now consider the index [V: A]. We have an embedding of V/A into a 
direct product of symplectic groups Sp(2j, t), where t is a prime and 
tjII(n/d). The order of the symplectic group is 
\Sp(2j,t)l=tP(t2-l)(t4-l)-~~(tz~-1) 
=t~z(t-l)(t+l)(t2-l)(t*+l).*.(t~-i)~t~+l)~ (1) 
We now attempt to show that each factor in the second line of (1) is prime 
to s. Since t 1 (n/d) and n/d < s, t and s are distinct primes and ti2 is prime 
to s. Since all other factors are at most tj + 1, it sufices to show that 
tj + 1 < s. 
Now 
tj+1,;+,,s, (2) 
where the first inequality follows from tjl/(n/d) and the second inequality 
is by assumption. If either inequality in (2) is strict, then tj+ 1 <s as 
required. If, however, equality holds throughout then tj = n/d and 
s = tj + 1. Since s is odd and t is prime, t = 2 and s = 2’ + 1. Since the factor 
tj+ 1 occurs only once in the factorization of ISp(2j, t)l, s divides ISp(2j, t)l 
only to the first power. Thus either [V: A] is prime to s or s = 2’+ 1 = 
(n/d)+ 1 and I[V:A]l.=s. 
By the first paragraph of this proof, [A : F] is prime to s and [G: V] is 
prime to s if d is prime to s. Since 
[G: F] = [G: V][V: A][A: FJ, 
all the conditions in (1) are satisfied if [V: A] is prime to s. If, however, 
[V: A] is divisible by s, then all the statements in (2) hold. 
There now only remains to prove the last statement. Assume that 
s>n+l. Then (n/d)+lgnnl<s. Also, d is a divisor of n, so dts is 
prime to s. Hence either (1) or (2) holds. However, (2) implies that 
s = n + 1, contrary to the hypothesis that s> n + 1, Therefore, (1) must be 
true. Since d is prime to s, [G: F] is prime to s. This completes the proof. 
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Another useful fact is the following lemma of Hall [S]: 
LEMMA 1.8 (Hall). Let G be a finite group and N a normal subgroup of 
G. If H is a Hall z-subgroup of G, then H n N is a Hall n-subgroup of N 
and HN/N is a Hall n-subgroup of G/N. 
2. E, IN GL(n, q) 
Consider the general linear group GL(n, q) and assume that all the nota- 
tion is as in 1.1. In this section, we will first recall the conditions for E,,, 
and the construction of Hall subgroups, which were determined in [6]. 
Then we will generalize the theorems on E, to the case where rr may 
contain any number of odd primes other than p. 
In order to describe the Hall subgroups, we will need an embedding 
(which may also be found in [6]) of F$ into GL(a, q). Let F= Fq and 
K= F+,. Then K is the splitting field of a certain irreducible polyno- 
mial f(x) of degree a with coefficients in F. Let 5 E K be a root of f(x). 
Then K can be regarded as a vector space over F with basis 
1, 5, 5*, .--, <“- ‘. Multiplication by an element of K is an F-linear transfor- 
mation of K. This transformation can be represented as a matrix with 
respect to the basis { 1, tJ, tz, . . . . t”-‘}. As the non-zero elements of K are 
invertible, they will be embedded into GL(a, q). 
We will now quote Spitznagel’s conditions for E,, in GL(n, q), given in 
[6]. Recall the notation in 1.1; r and s are two odd primes neither of which 
is the field characteristic p, r < s, and a and b are the orders of q modulo 
r and s, respectively. 
THEOREM 2.1 (Spitznagel). Let r, s, a, and b be as in 1.1. Then E,, holds 
in GL(n, q) zf and only tf one of the following three sets of conditions is true: 
I. a = b and n < as. 
II. a=r-1, b=l, n<bs, [n/a]=[n/r], and jqU-lI,=r. 
III. a = r - 1, b = r, n < bs, [n/a] = [n/r], and lqa - 1 lr = r. 
In Cases II and III, we must also have n < ar. For n/a- n/r = 
n/(r - 1) - n/r = n( l/(r - 1) - l/r), an increasing function of n, so once n 
exceeds ar, n/a-n/r 2 ar/a - arfr = r-a = 1. Thus [n/a] - [n/r] > 1 if 
n > ar. Hence n < ar in Cases II and III. 
The Hall subgroups constructed in [6] are as follows: 
I. Here a = b. Let k = [n/a], and consider the group GL(k, q”). We 
will construct a Hall subgroup of GL(k, qa) first. Consider the subgroup D 
of diagonal matrices of order (qa - 1 )k. Take a Hall {r, s}-subgroup H, of 
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D. The group P of permutation matrices normalizes D and hence HO. Since 
n <us, IPI is prime to s. Then let R be a Sylow r-subgroup of P, which 
therefore normalizes HO. Thus H = HO R forms a group of order 
Wol IRI = I@- 1f.s WI,= IGW @Yr,s, 
the second equality coming from Lemma 1.2. Thus H is a Hall 
{r, s}-subgroup of GL(k, q”). 
To obtain a Hall subgroup of GL(n, q) we proceed as follows. The 
group H described above consists of monomial matrices with entries from 
F; . If c( E F; is one such entry, we may represent c1 as a matrix in GL(a, q) 
as described above. By replacing all entries of H in this manner, we may 
regard H as a subgroup of GL(a[n/a], q). By taking a direct product with 
an (n - a[n/u])-dimensional identity matrix, we may consider H to be a 
subgroup of GL(n, q). Since 
IGW, qVr= I@- 11: WI,= IGW, q)l,, 
and similarly for s, H is a Hall subgroup of GL(n, q). 
II. Since a # b and b = 1, we can form a Sylow s-subgroup S of 
diagonal matrices. A Sylow r-subgroup R will consist of a Sylow 
r-subgroup of permutation matrices. Since permutation matrices normalize 
diagonal matrices, H= RS forms a Hall {r, s}-subgroup of GL(n, q) 
III. Here b = r. Let S be the image of a Sylow s-subgroup of F,? 
under the embedding F,? 4 GL(r, q). Choose an element a of order r from 
Gal(F,,/F,). Then c1 is an F,-linear transformation of Fq,. With respect to 
the basis { 1, 5, r2, . . . . t’- ’ ), CI corresponds to an r by r matrix A. Since A 
normalizes S, S(A) is a Hall (r, s}-subgroup of GL(n, q). Embed [n/r] 
copies of this group down the main diagonal to form the Hall 
{r, s}-subgroup. 
Now let rt be an arbitrary set of odd primes, none of them p. We will 
now see when E, holds, generalizing the two prime case in Theorem 2.1. 
THEOREM 2.2. Let 7c be a set of odd primes with p 4 7c and r-c s the least 
two, and let t be any prime in 7c with t # r. Define a and b us in 1.1, and 
define c analogously (i.e., c is the order of q mod t). Then GL(n, q) satisfies 
E, if and only if c = b for all t and one of the following holds: 
I. u=b undn<as; 
II. u=r-1, b=l, ncbs, [n/u]=[n/r], and lqa-ll),=r; 
III. u=r- 1, b=r, n<bs, [n/a]= [n/r], and /qa- 11,-r. 
Proof Assume that GL(n, q) satisfies E,. By the Feit-Thompson and 
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Hall Theorems, E,,, holds. By Theorem 2.1, one of the sets of conditions I, 
II, or III is true. 
We now show that c = b for all primes TV n with t > r. If t = s, then 
trivially c = b, so assume that t #s. By the Feit-Thompson and Hall 
Theorems, E,, , E,,, and E,, all hold for every t. Assume (for a contradic- 
tion) that b # c and thus II or III holds for (s, t). In particular, b = s - 1 is 
even. If II or III should hold for (r, s), then we would have b = 1 or b = r, 
contradicting the fact that s is odd. Hence I holds for (I, $) and 
a = b = s - 1. This is a contradiction, since a < r - 1 < s - 1. Hence I holds 
for (s, t) and b = c, as desired. 
Conversely, assume that I, II, or III holds. Begin by supposing that all 
the conditions of I are satisfied. In this case, first form a Hall n-subgroup 
HO of FG (as embedded in GLfa, q)). Construct H, by placing [n/a] copies 
of HO down the main diagonal, together with a complemetary identity 
matrix. Then choose a Sylow r-subgroup R of ~~utation matrices on c2 
by a blocks, isomorphic to a Sylow r-subgroup of CEnia3. Let H = H,,R. 
Then 
/HI,= lq”- 1l~““’ l~,,l,= IGUn,q)l,. 
(HI,=Iq”-llF”‘“]=IGL(n,q)l,, sincen<as<atand [n/a]<t. 
If II holds, we may take a Hall n- { r}-subgroup of F,” and embed n 
copies of it diagonally into GL(n, q). Let H be the group generated by a 
Sylow r-subgroup of the permutation matrices and a subgroup of (normal) 
diagonal matrices. This is a Hall rc-subgroup since 
IGL(n,q)l,= [q”- f/f”‘“’ ~CCn,al(r=~C”‘a7=~Cn’r3= IHI, 
since n < ar, as in the two prime case. Also, 
since n -e.bs < bt. 
If III holds, then embed Fq2 into GL(b, q). Since the extension has 
degree r its Galois group, Gal(F,+/F,), has an element of order r. This nor- 
malizes F$ , where both are in matrix form, just as when rr had two primes. 
Thus the two form a solvable group. By Hall’s Theorem, this has a Hall 
x-subgroup. Embed [n/b] copies of it in GL(n, q) down the main diagonal. 
Call this group H. Then 
/GL(n, q)l,= lq”- ll~‘a’ ~~CCn,~,~r=~C”‘o’=~Cn’r3=~Cn’b’= IHI, 
IGL(n,q)l,=Iqb-~l~“‘b’ I~En,~llr=Iqb-~I~~‘~‘=lHI~, 
so we have a Hall n-subgroup in this case also. 
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3. Dr., IN GL(n, 4) 
Now, turn to the question of D,,. First consider Case It. 
THEOREM 3.1. Let r and s be odd primes d~uidi~g the order of GL(n, q). 
Assume the conditions for E,,, in Case II of Theorem 2.1. Then I),, does not 
hold. 
Prooj: Since r 1 JGL(n, q)/ we have n 2 a. Suppose that n = a. Then since 
a=r-1, 
a contradiction. Then n > a, i.e., n 2 r. 
Let U be an ~-dimensional space of column vectors over F, on which 
GL(n, q) acts naturally. Let (e,, . . . . e,] be the usual basis for U. Let 
m = [n/r] and c = n - rm. Decompose U as a direct sum 
u=u,ou~@ .‘. @Urn@ w, 
where each Ui= (e,-,,,+,, . . . . e,) is an r-dimensional subspace and 
W= (e mr + 1, . . . . e,) is a subspace of dimension n - rm. Let H be the Hall 
subgroup constructed in Theorem 2.1. We will now describe the Sylow 
r- and ~-subgroups of H as they act on U. Let I$ be a group, acting on Ui, 
generated by a permutation matrix of order r. The Sylow r-subgroup R of 
H is then 
R=R, x R2x ... x R,. 
Since b = 1, GL(n, q) has a Sylow s-subgroup S of diagonal matrices. Let 
II= (R, S). By construction, each Ui is an irreducible subspace of H. 
We now construct an (r, sf-subgroup not contained in a conjugate of H. 
Take a Sylow r-subgroup from F; as embedded in GL(a, q), along with a 
non-trivial f-group of scalar (hence central) matrices. These commute, and 
thus form a group L’. Let 
u=u;@u;@ ... ou:,o w  
be a decomposition of n-dimensional space with dim Vi = a for each i. Since 
dim Uj=a=r-l=dim Ui-1, we have dim W’=c+m. Let Li be the 
group acting as L’ on Ui and trivially elsewhere. Then let 
L=L1xL,x ... XL, 
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be the direct product. Since 1 LI I = r [n’rr1, L contains a full Sylow r-subgroup 
of GL(n, q). 
Suppose that L is conjugate to a subgroup L” of H. By a further 
conjugation if necessary, we may assume that R c L”. We will derive a 
contradiction by comparing the number of invariant vectors of L” with the 
number of those of the subgroups of H. An r-cycle in Ri leaves invariant 
only the l-dimensional space spanned by 
ui= 1 e(i-l),+jE ui for i= 1,2, . . . . m. 
j= 1 
Since R acts trivially on W, R also leaves invariant 
vmtk= emr+kE w for k = 1, 2, . . . . c. 
Thus the R-invariant vectors span a space 
u,= (Vl, v2, .-a, v,+,) 
of dimension m + c. 
Since L acts trivially on W’, L leaves m + c linearly independent vectors 
invariant. Conjugation preserves the number of invariant vectors, so L” 
must also act trivially on a space of dimension at least m + c. But this space 
must be U,, because R c L” leaves only the vectors in U, invariant. By 
assumption, L” c H. Thus to complete the proof it suffices to show that no 
{r, s}-subgroup of H properly containing R leaves all the vectors in U,, 
invariant. We have already seen that the Sylow r-subgroup R of H acts 
trivially on U,,. Recall that S consists of diagonal matrices. Let 
y = diag(a,, c2, . . . . g,,) 
be an element of S. Assume that the subgroup (R, y) of H is contained 
in L”. Then y sends the vector C cliei to 1 ajaiei. Therefore yvi= ui, for 
i= 1 to n, only if y = 1. It follows that L” = R is an r-group, which is not 
the case. This contradiction shows that L is not conjugate to a subgroup 
of H, and D,, fails. 
However, in the remaining cases, we will have a theorem to show that 
D,,, holds. We will need the following lemma in order to apply induction. 
LEMMA 3.2. Assume the conditions for E,, in GL(n, q) hold in Case III 
of Theorem 2.1. Let X be a maximal {r, s}-subgroup of GL(n, q) acting 
naturally on an n-dimensional space U. If X acts irreducibly on a subspace W 
of U, then X acts primitively on W. If in addition X acts non-trivially on W, 
then dim W is divisible by b. 
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Proof If X is not primitive on W, then let W = W, 0 W, @ . . . @ W, 
be a system of imprimitivity. Since X is irreducible, X does not consist 
entirely of permutation matrices. Thus X acts non-trivially on W, and 
dim W, > a. But X is an {r, $)-group, and k is a divisor of 1x1. Thus k > r. 
Then n = k dim W, > ar, a contradiction. This proves the first statement. 
Assume that X acts non-trivially on W. By Theorem 1.6, X is contained 
in a group G of type Y with field degree d. Since X is an {r, s )-group acting 
non-trivially on W, either a or b divides dim W. If b 1 dim W, we are done, 
so assume that a 1 dim W. We will show that X acts on W as an r-group. 
We have 
dim W n n 
d YFa--. 
Should s I d, then d 3 as since either a or b divides d and since s > b > a. 
This contradicts d < n < ar < as. 
We now show that [G: V] is prime to s. If not, then by Lemma 1.7 with 
n replaced by dim W, we have s = (n/d) + 1. But by Theorem 2.1, 
n/d < n/a < r. This contradicts the fact that r and s are two distinct odd 
primes. Therefore [G : F] is prime to s. Also, IFI s = (qd - 1 Is = 1 since b j d. 
Hence 1x1, < ICI,= 1, as claimed. 
We now show that b divides the dimension of W. Decompose U as a 
direct sum 
U=W,OW,Q...QW, 
of X-irreducible subspaces Wi. Suppose that at least one Wi has dimension 
divisible by a. Let ni = dim Wi and c,,, c, , and c2 be defined by 
co= 1 dim W,; 
dim W,= 1 
cl=f c dim Wi; 
oldim IV, 
c2=t c dim Wi. 
bldlm W’, 
Then (using b = r) n = co + cl a + czr. We also have 
n F-1 [ c,a+c,r+c, = 1 2c,+c,. a a 
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Assume first that c0 < ci. Then 
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n 
[I [ 
- = r cla+~r+c~]<[clr~c2r]=cl+c~, 
where the strict inequality holds because ci a + c2r + c0 < ci r + czr. This is 
a contradiction to [n/a] = [n/r]. Then cc, > c, > 0. 
Let Wi be an X-irreducible subspace of dimension ma. Then m 6 ci. 
Since c,,> ci > m, there is a space W,, of dimension m on which X acts 
trivially. Let w= W, @ Wi. Then dim 8’= m + ma = mr. Let x= X/C,( W) 
be the group that X induces on W, Since w  is a direct summand of U, 
X/C(P) is a maximal {r, s}-subgroup of GL( w). 
Now dim m= mr < n < ar and [mr/r] = [mr/a] = m. Therefore GL( R) 
satisfies E,, . Let H be a Hall subgroup of GL( FV). Then x embeds in a 
conjugate of a Sylow r-subgroup of H. By replacing H by a conjugate, we 
may assume that xc H. But 1 is a maximal {r, s}-group, so R = H. This 
contradicts the fact that R is an r-group. Thus ci = 0, and any irreducible 
X-subspace W has dimension divisible by b unless X acts trivially on W 
and dim W= 1. 
THEOREM 3.3. Assume that the conditions for E,,, given in Theorem 2.1, 
hold either in Case I or in Case III. Then D,, holds. 
Proof Let U be the space on which GL(n, q) acts, and let L be a 
maximal (r, s}-subgroup of GL(n, q). It suffices to show that L is a Hall 
subgroup. We will prove that L has a normal subgroup S with ISI = 
IGL(n, q)[ $. The proof proceeds by induction on n. 
Assume the following inductive hypothesis: If GL(n’, q) satisfies E,, with 
n’ <n, then a maximal {r, $)-group L’ is a Hall subgroup of GL(n’, q) and 
the Sylow s-subgroup of L’ is normal in L’. The proof divides according to 
the following three cases. 
Case 1: L is reducible. In this case, U = W, @ . . . 0 W, with each Wi 
L-irreducible. Let ni = dim Wi. Define L, to be the group induced by L on 
Wi. That is, Li = L/C,( Wi). Then L is isomorphic to a subgroup of 
L,x ... XL, with Lit GL( Wi). By the maximality of L, L = L, x 
L,x ... x L, and Li is a maximal {r, s}-subgroup of GL( Wi). In order to 
apply the induction, we must show that GL(n,, q) satisfies E,,,. 
We must show that if E,,, holds in GL(n, q), then E,,, holds in GL(n,, q). 
In Case I, if ti c as then ni < n < as, as required. In Case III, we similarly 
get ni<n < at-. But we must also show that [nJa] = [ni/r] for each i. 
By Lemma 3.2, r I dim Wi or dim Wi = 1. If dim vi = 1, then E,, holds 
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trivially. But if r [dim W,, then [dim W,/r] = [dim WJa], and GL( WJ 
satisfies E,,, in this case also. 
By induction, each L, is a Hall subgroup of GL( W;.). Let Si be the 
normal Sylow s-subgroup Sj of L, with 
J&l = IGL(n,, q)/, = lq* - 1 [6”,‘bJ I[ II 7 ! , for i = 1,2, . . . . k. s 
Since n < bs in either Case I or Case III, I [nJb] !I, = 1 for all i. Let 
s=s,xs2x ... x S,. We will show that S is the required normal Sylow 
s-subgroup of L,. Clearly, S is a normal subgroup of L. Assume then that 
/S1 -z lGL(n, q)ls. By induction, we need only consider the case k = 2. We 
have 
This implies that [n,/b] + [nz/b] < [n/b]. Since rr=izi +n2, we have 
{n,/b} + {n2/b} 2 1, where {n,/b} indicates the fractional part of q/b. 
We know from the structure of the Sylow subgroups that Si has [q/b] 
invariant b-dimensional spaces. Therefore, Si acts trivially on a space of 
dimension ni- b[n,/b] = b(n,/bf. Let W, be the space of all vectors on 
which S acts trivially. Then dim W, = b(n,/b) + b(n,/b) 2 b. Since S 4 L, 
W. is L-invariant. 
Let LO be the restriction Ll,+.,, of L to W,. Since W, is L-invariant and 
since L is maximal, L, is a direct factor of L. Moreover, L, is a maximal 
{r, s}-subgroup of GL( Wo) because of the maximality of L. Since 
dim W,, < n, L, is a Hall {r, s}-subgroup of GL( W,) by induction. Also, 
1 L,I, # 1 since dim W, 2 6. But by the definition of Wo, Lo is an r-group. 
This contradiction shows that /SI = IGL(n, q)j8. Thus S= S, x Sz is a full 
Sylow s-subgroup of GL(n, q), normal in L, as required. 
Case 2: L is irreducible but imprimitive. In Case III, this case is 
impossible by Lemma 3.2. So we must be in Case I. Let U be the space of 
dimension n on which L acts irreducibly. Also, let U= W, @ W2@ . . . @ 
Wk be a decomposition of U into systems of imprimitivity. All Wi have the 
same dimension, say ~1’. By Lemma 5 in [7], L = P(L, x Lz x ... x Lk), 
where P is a permutation group on (1,2, ..,, k} and L, is a maximal 
(r, s )-subgroup of GL( WJ. By induction, L, is a Hall subgroup of GL( WJ. 
Let Si be the normal Sylow s-subgroup of Li, and let S = S, x S2 x -. . x Sk. 
We claim that S is a normal Sylow s-subgroup of L. Clearly, S is normal 
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in L. To show that S is a Sylow s-subgroup, we compute its order. We have 
ISI = ISIIIS21 ..*&I = IS,Ik=(lqa- lJpl I[n’/al!Is)k, 
the last equality by Lemma 1.2. Since n’ d n < as, we have I [n’/a] !I, = 1. 
Then the equation simplifies to 
By Definition 1.5 and Theorem 1.6, one of u or b divides d. But we are in 
Case I, where a = b, so aid. Furthermore, din’, so we may conclude that 
aln’. So [n’/a] =n’/u and 
ISI = jqa- lp’/“‘= 1qa- II:‘“, 
Thus S is a Sylow s-subgroup of GL(n, q), again using Lemma 1.2 and the 
fact that n < us. This completes the proof of the inductive hypothesis in this 
case. 
Case 3: L is primitive. By Theorem 1.6, L embeds in a group of type S 
with field degree d and normal series Fa A 4 Va G and satisfying the 
conditions of Definition 1.5. 
We now use Lemma 1.7 to show that [G: F] is prime to s. The 
hypotheses we need to check are that n/d< s and that d is prime to s. 
Either aId or bid. In Case I, n < us = bs. In Case III, n < ur < us and 
n < ur = ub < rb < bs. If aId, then n/d< n/u<s. If, however, bid, then 
nfd < nfb, which is also less than s. 
We now show that s [ d. Since d is a multiple of either a or b, we may 
let d= cu or d= cb. Assume, for a contradiction, that sld. Since (s, a) = 1 = 
(s, b), d > us or d 2 bs. Then d > n, a contradiction since din. Therefore, d 
is prime to s as required. 
Assume (for a contradiction) that [G: F] is divisible by s. Then by 
Lemma 1.7, s = 2j+ 1 is a Fermat prime and n/d= 2’. Since r and s are 
odd, Definition 1.5 implies that n = d, a contradiction, thus [G : A] is prime 
to s. 
First assume that a= b and arid. Let d=er” with r 1 e. Note that ale 
since a < r and aId, and recall that s 1 d. Let S be the Sylow s-subgroup of 
FqX . Since j(qd--l)/(qn- l)j,= 1, ScF,“,. Thus S is in the center of 
GL(n/u, qU). We now show that S is also in the center of L. Since SC F, 
and since V is the centralizer of F in G, S is centralized by V. Now G/V 
is isomorphic to a subgroup of Gal(Fd/F,,). An automorphism 4 of 
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order rc in this Galois group is given by d(x) = ~4’. This leaves invariant a 
field of q’ elements. In particular, 4 leaves invariant the subfield FqO of F@. 
Hence 4 leaves S invariant since S c F,,. Thus G/V and V both centralize 
S, so G (and hence L) centralizes S. Now assume that r j d in Case I. We 
will again prove that L centralizes S. In this case, d is prime to r and s, so 
L c I’. But P’ is the centralizer of F and SC F. Thus S is in the center of 
L in both cases. 
Let R be a Sylow r-subgroup of L. Consider the natural embedding of 
GL(n/a, q”) 4 GL(n, q). Since jGL(n/a, q”)ll,s= IGL(n, q)lr,s, there is a Hall 
subgroup H of GL(n, q) contained in GL(n/a, q”). Then H and R are both 
contained in C,(S). By Sylow’s Theorem, R” c H for some x E C,(S). But 
then L” c H since S” = S. This proves the theorem in Case I. 
Now assume we are in Case III. If b i d, then IL/, = 1 and L is an 
r-group. But then L embeds in a Hall subgroup since E,, holds. Thus 
I FI s > 1 and b/d. Since n < ar and since b < d, we have n/d < n/b = 
n/r < a < r. By Lemma 1.7 with s replaced by r, [I’: F] is prime to r. But 
d is divisible by b and not by a, so IFI is also prime to r. We may conclude 
that I VI, = 1. Then the Sylow r-subgroup of L is isomorphic to a subgroup 
of G/V which is a cyclic group of order d. In Case III, n < ar < r*, so rlld. 
Then IL1 =rsx where sx= lq6- II,. 
Over F,, there are (sc - 1)/r distinct irreducible representations of L of 
degree r nontrivial on the Sylow s-subgroup. By Theorem 47.11 and 
Remark (l), page 600, in [2], there is no other irreducible representation 
which is non-trivial on the Sylow s-subgroup. Since L is irreducible, we 
have n=r=b=d. Hence 
IGW, q)lr,s= I@- ll,r 
in Case III, so L is a Hall subgroup of GL(n, q). This completes the proof 
of the inductive hypothesis. 
Let H be a Hall subgroup of GL(n, q). We may assume that SC H. Let 
R. be the Sylow r-subgroup of L and let R be the Sylow r-subgroup of H. 
By Sylow’s Theorem applied to N(H), R, is conjugate, within N(H), to a 
subgroup of R. This conjugation leaves S invariant, so it carries L into H. 
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